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Abstract
In this paper using the apparatus of the Clifford bundle formalism
we show how straightforwardly solve in Minkowski spacetime the Dirac-
Hestenes equation— which is an appropriate representative in the Clifford
bundle of differential forms of the usual Dirac equation— by separation
of variables for the case of a potential having spherical symmetry in the
Cartesian and spherical gauges. We show that contrary to what is ex-
pected at a first sight, the solution of the DHE in both gauges has exactly
the same mathematical difficulty.
1 Introduction
In this paper the Clifford bundle formalism is used in order to show how to
solve in Minkowski spacetime the Dirac-Hestenes equation (DHE)— which is
an appropriate representative in the Clifford bundle of differential forms of the
usual Dirac equation— by separation of variables for the case of a potential
having spherical symmetry using the Cartesian and spherical gauges1. Our
∗Accepted for publication in International Journal of Modern Physics A.
1See below for the precise definition of these terms.
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main result is that contrary to what is expected at a first sight [2], the finding
of solutions of the DHE in any one of the mentioned gauges presents exactly
the same mathematical difficulty.
We hope that our approach which uses intrinsic methods and no matrix rep-
resentations helps to clarify some misunderstandings appearing in the literature
relative to: (i) the meaning and nature of Dirac-Hestenes spinor fields (DHSF),
which are sections of the spin-Clifford bundle and their representatives in the
Clifford bundle of differential forms, and (ii) the relation between the familiar
Dirac equation (satisfied by covariant Dirac spinor fields) and the DHE, and its
different expressions in different (spin coframe) gauges and in different coordi-
nate charts. Section 2 present in condensed form some necessary mathematical
preliminaries, whose details may be found in [9, 8, 13]. In Section 2, we discuss
how to obtain solutions of the DHE in a given potential exhibiting spherical
symmetry. First, solutions are obtained in detail in Section 3.1 in the shperical
gauge. In Section 3.2 the DHE is presented in the Cartesian gauge. It appears,
at first sight that the equation in the spherical gauge is more complicated than
the DHE (for the same problem) in the Cartesian gauge. However, this is not
the case. Indeed, we succeeded in putting the equations in both guages in forms
in which it becomes obvious that their solutions are easily obtained in exactly
the same way. In Section 4 we present our conclusions.
2 Preliminaries
In this paper M =(M ≃ R4,η, D, τη , ↑ ) denotes Minkowski spacetime struc-
ture2. By F (M) we denote the (principal) bundle of frames and by PSOe
1,3
(M)
the orthonormal frame bundle. PSOe
1,3
(M) denotes the orthonormal coframe
bundle. Since Minkowski spacetime is a spin manifold there exists PSpine
1,3
(M)
and PSpine
1,3
(M) which are respectively the spin frame bundle and the spin
coframe bundle. To continue we select the orthonormal coframe bundle and the
spin coframe bundle for our considerations. We recall that sections of PSOe
1,3
(M)
are orthonormal coframes and that sections of PSpine
1,3
(M) are also orthonormal
coframes such that two coframes differing by a 2π rotation are distinct and two
coframes differing by a 4π rotation are identified. We denote in what follows by
s : PSpine
1,3
(M)→PSOe
1,3
(M) the fundamental mapping present in the definition
of PSpine
1,3
(M) (see [8, 13] for details). Next we introduce the Clifford bundle of
differential forms Cℓ(M, η) which is a vector bundle associated to PSpine
1,3
(M)
whose section are sums of nonhomogeneous differential forms, which will be
called Clifford fields. We recall that Cℓ(M, η) = PSOe
1,3
(M) ×Ad′ R1,3, where
R1,3 ≃ H(2) is the spacetime algebra. Details of the bundle structure are as
follows:
2Note that η ∈ secT 02M is the Minkowski metric, D is the Levi-Civita connection of η,
τη ∈ sec
∧4
T ∗M defines a spacetime orientation and ↑ refers to a time orientation. Also,
η ∈ secT 20M denotes the metric of the cotangent bundle. Details, may be found in [13, 12, 15].
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(i) Let πc : Cℓ(M, η) → M be the canonical projection of Cℓ(M, η) and
let {Uα} be an open covering of M . There are trivialization mappings ψi :
π−1c (Ui) → Ui × R1,3 of the form ψi(p) = (πc(p), ψi,x(p)) = (x, ψi,x(p)). If
x ∈ Ui ∩ Uj and p ∈ π
−1
c (x), then
ψi,x(p) = hij(x)ψj,x(p) (1)
for hij(x) ∈ Aut(R1,3), where hij : Ui ∩ Uj → Aut(R1,3) are the transition
mappings of Cℓ(M, η). We recall that every automorphism of R1,3 is inner.
Then,
hij(x)ψj,x(p) = gij(x)ψi,x(p)gij(x)
−1 (2)
for some gij(x) ∈ R
⋆
1,3, the group of invertible elements of R1,3.
(ii) As it is well known the group SOe1,3 has a natural extension in the Clifford
algebra R1,3. Indeed we know that R
⋆
1,3 (the group of invertible elements of
R1,3) acts naturally on R1,3 as an algebra automorphism through its adjoint
representation. A set of lifts of the transition functions of Cℓ(M, g) is a set of
elements {gij} ⊂ R
⋆
1,3 such that if
3
Ad : g 7→ Adg,
Adg(a) = gag
−1, ∀a ∈ R1,3, (3)
then Adgij = hij in all intersections.
(iii) Also σ = Ad|Spine
1,3
defines a group homeomorphism σ : Spine1,3 →
SOe1,3 which is onto with kernel Z2. We have that Ad−1 = identity, and so
Ad : Spine1,3 → Aut(R1,3) descends to a representation of SO
e
1,3. Let us call
Ad′ this representation, i.e., Ad′ : SOe1,3 → Aut(R1,3). Then we can write
Ad′σ(g)a = Adga = gag
−1.
(iv) It is clear then, that the structure group of the Clifford bundle Cℓ(M, η)
is reducible from Aut(R1,3) to SO
e
1,3. Thus the transition maps of the principal
bundle of oriented Lorentz cotetrads PSOe
1,3
(M) can be (through Ad′) taken as
transition maps for the Clifford bundle. We then have [7]
Cℓ(M, η) = PSOe
1,3
(M)×Ad′ R1,3, (4)
i.e., the Clifford bundle is an associated vector bundle to the principal bundle
PSOe
1,3
(M) of orthonormal Lorentz coframes.
2.1 Clifford Fields
Recall that Cℓ(T ∗xM, ηx) is also a vector space over R which is isomorphic to the
exterior algebra
∧
T ∗xM of the cotangent space and
∧
T ∗xM =
⊕4
k=0
∧
kT ∗xM ,
where
∧k T ∗xM is the (4k)-dimensional space of k-forms. There is a natural
3Recall that Spine1,3 = {a ∈ R
0
1,3 : aa˜ = 1} ≃ Sl(2,C) is the universal covering group of the
restricted Lorentz group SOe1,3. Notice that R
0
1,3 ≃ R3,0 ≃ C(2), the even subalgebra of R1,3
is the Pauli algebra.
3
embedding
∧
T ∗M →֒ Cℓ(M, η) [7] and sections of Cℓ(M, η)—Clifford fields
—can be represented as a sum of non-homogeneous differential forms. Let
{ea} ∈ secPSOe
1,3
(M) (the orthonormal frame bundle) be a tetrad basis for
TU ⊂ TM , i.e., g(ea, eb) = ηab = diag(1,−1,−1,−1) and (a,b = 0, 1, 2, 3).
Moreover, let {εa} ∈ secPSOe
1,3
(M). Then, for each a = 0, 1, 2, 3, εa ∈
sec
∧1
T ∗M →֒ sec Cℓ(M, η), i.e., {εb} is the dual basis of {ea}. Finally, let
{εa}, εa ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, η) be the reciprocal basis of {εb}, i.e.,
εa · ε
b = δba .
Recall also that the fundamental Clifford product is generated by
εaεb + εbεa = 2ηab. (5)
If C ∈ sec Cℓ(M, η) is a Clifford field, we have:
C = s+ viε
i +
1
2!
bijε
iεj +
1
3!
tijkε
iεjεk + pε5 , (6)
where ε5 = ε0ε1ε2ε3 is the volume element and
s, vi, bij, tijk, p ∈ sec
∧0
T ∗M →֒ sec Cℓ(M, η). (7)
Next we recall the crucial result [8, 7] that in a spin manifold we have:
Cℓ(M, η) = PSpine
1,3
(M)×Ad R1,3. (8)
2.2 Spinor Fields
Spinor fields are sections of associated vector bundles to the principal bundle of
spinor coframes. The well known Dirac spinor fields are sections of the bundle
Sc(M, η) = PSpine
1,3
(M)×µc C
4 (9)
µc the D
(1/2,0) ⊕D(0,1/2) representation of Spine1,3
∼= Sl(2,C) in End(C4) [1].
Now, we introduce the left spin-Clifford bundle, which is the following asso-
ciated vector bundle :
CℓlSpine
1,3
(M, η) = PSpine
1,3
(M)×l R1,3 (10)
where l is the representation of Spine1,3 on R1,3 given by l(a)x = ax. Sections of
CℓlSpine
1,3
(M, η) are called left spin-Clifford fields. CℓlSpine
1,3
(M, η) is a ‘principal
R1,3-bundle’, i.e., it admits a free action of R1,3 on the right [7, 8, 13], which
is denoted by Rg, g ∈ R1,3. We shall need also to consider the right real spin
Clifford bundle for M defined by
CℓrSpine
1,3
(M, η) = PSpine
1,3
(M)×r R1,3, (11)
where r is the representation of Spine1,3 on R1,3 given by r(a)x = xa. Sections
of CℓrSpine
1,3
(M, η) are called right spin-Clifford fields. A crucial result is the
proposition proved in [8] that there is a natural pairing
CℓlSpine
1,3
(M, η) × CℓrSpine
1,3
(M, η)→ Cℓ(M, η). (12)
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Such a proposition permits us to show that there is a well defined product of
sections of CℓlSpine
1,3
(M, η) by sections of CℓrSpine
1,3
(M, η) and thus, a representa-
tion of any Clifford field by a product of appropriate sections of CℓlSpine
1,3
(M, η)
by sections of CℓrSpine
1,3
(M, η).
The subbundle I(M, η) of CℓlSpine
1,3
(M, η) where the typical fiber is the ideal
I = R1,3e (see below) is called the bundle of left ideal algebraic spinor field
(LIASF). Finally, we recall that there is a natural embedding PSpine
1,3
(M) →֒
CℓlSpine
1,3
(M, η) which comes from the embedding Spine1,3 →֒ R
0
1,3.
2.3 Dirac-Hestenes Spinor Fields
The importance of CℓlSpine
1,3
(M, η) is that there are particular sections of this
bundle that are in one-to-one correspondence with Dirac fields. This is seen
as follows. Let Eµ, µ = 0, 1, 2, 3 be the canonical basis of R1,3 →֒ R1,3 which
generates the algebraR1,3. They satisfy the basic relation E
µEν+EνEµ = 2ηµν .
We recall that
e =
1
2
(1 +E0) ∈ R1,3 (13)
is a primitive idempotent of R1,3 and
f =
1
2
(1 +E0)
1
2
(1 + iE2E1) ∈ C⊗ R1,3 (14)
is a primitive idempotent of C⊗ R1,3. Now, let I = R1,3e and IC = C⊗ R1,3f
be respectively the minimal left ideals of R1,3 and C⊗ R1,3 generated by e and
f . Let φ = φe ∈ I and Ψ = Ψf ∈ IC. Then, any φ ∈ I can be written as
φ = ψe (15)
with ψ ∈ R01,3. Analogously, any Ψ ∈ IC can be written as
Ψ = ψe
1
2
(1 + iE2E1), (16)
with ψ ∈ R01,3.
Recall moreover that C⊗ R1,3 ≃ R4,1 ≃ C(4), where C(4) is the algebra of
the 4× 4 complexes matrices. We can verify that

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (17)
is a primitive idempotent of C(4) which is a matrix representation of f . In that
it can be proved that there is a bijection between column spinors, i.e., elements
of C4 (the complex 4-dimensional vector space) and the elements of IC.
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Let Ψ ∈ sec CℓlSpine
1,3
(M, η) be such that
ReΨ = Ψe = Ψ, e
2 = e =
1
2
(1+E0) ∈ R1,3. (18)
We define a Dirac-Hestenes Spinor field (DHSF) associated with Ψ as an even
section ψ of CℓlSpine
1,3
(M, η) such that
Ψ = ψe. (19)
Remark 1 An equivalent definition of a DHSF is the following. Let CℓlSpine
1,3
(M, η) =
PSpine
1,3
(M)×lC⊗ R1,3 be the complex spin-Clifford bundle. LetΨ ∈ secCℓ
l
Spine
1,3
(M, η)
be such that
RfΨ = Ψf = Ψ, f
2 = f =
1
2
(1+E0)
1
2
(1+ iE2E1) ∈ C⊗R1,3. (20)
Then, a DHSF associated with Ψ is an even section ψ of CℓlSpine
1,3
(M, η) →֒
CℓlSpine
1,3
(M, η) such that
Ψ = ψf . (21)
In what follows, when we refer to a DHSF ψ we omit for simplicity the
wording associated with Φ (or Ψ). It is very important to observe that a DHSF
is not a sum of even multivector fields although, under a local trivialization, ψ
∈ sec CℓlSpine
1,3
(M, η) for each x ∈ M is mapped on an even element4 of R1,3.
We emphasize that a DHSF is a particular section of a spinor bundle, not of the
Clifford bundle. However, and this is a very important fact, any DHSF has rep-
resentatives in the Clifford bundle. This happens essentially because PSpine
1,3
(M)
is trivial, a fact that permits for each trivialization (i.e., choice of a spin coframe
Ξ ∈ secPSpine
1,3
(M) such that s(Ξ) = {εa} ∈ secPSOe
1,3
(M) ) to define a ‘unit
section’ for the right spin-Clifford bundle, i.e., 1rΞ ∈ sec Cℓ
r
Spine
1,3
(M, η) such
that for each Dirac-Hestenes spinor field Ψ ∈ sec CℓlSpine
1,3
(M, η) we have an
even Clifford field ψΞ ∈ sec Cℓ
(0)(M, η) ⊂ sec Cℓ(M, η) such that
ψΞ = Ψ1
r
Ξ. (22)
The field ψΞ, which is a nonhomogeneous sum of even differential forms (and
which looks like a superfield) is said to be the representative of a Dirac-Hestenes
spinor field (or of a Dirac spinor field) in the Clifford bundle.
2.4 Dirac and Dirac-Hestenes Equations
Using ψΞ we can write a representative of the Dirac equation satysfied by a
DHSF Ψ in interaction with an electromagnetic field A ∈ sec
∧1
T ∗M →֒
4Note that it is meaningful to speak about even (or odd) elements in Cℓl
Spine
1,3
(M) since
Spine1,3 ⊆ R
0
1,3.
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sec Cℓ(M, η) in the Clifford bundle. First we recall that if Eµ, µ = 0, 1, 2, 3
is the canonical basis of R1,3 →֒ R1,3 than the Dirac equation for a DHSF is [8]
∂sΨE21 +mΨE0 − qAΨ = 0. (23)
where ∂s is the (spin) Dirac operator action on sections of CℓSpine
1,3
(M, η). We
have in an arbitrary gauge Ξ with s(Ξ) = {εa} that
∂sΨ = εaDseaΨ = ε
a(∂seaΨ+
1
2
Ξ
ωeaΨ) (24)
where Dsea is the spinor covariant derivative, ∂
s
ea
is the spin-Pfaff derivative
(details on ∂sea which are not going to be used anymore in this paper may be
found in [8]) and
Ξ
ωea is the
∧2
T ∗M connection 1-form in the gauge Ξ evaluated
at the vector field ea ∈ secTM .
The representative of the Dirac equation (Eq.23) in the Clifford bundle in
the gauge Ξ called the DHE is (taking into account that ∂s is represented in
Cℓ(M, η) by the operator ∂(s)ψΞ = ∂ψΞε
21 − 12ε
aψΞ
Ξ
ωea)
∂ψΞε
21 −
1
2
εaψΞ
Ξ
ωea +mψΞε
0 − qAψΞ = 0, (25)
where
∂ = εaDea (26)
is the Dirac operator acting on sections of the Clifford bundle. The action of the
covariant derivative of a Clifford field C ∈ sec Cℓ(M, η) is given by the notable
formula (see, e.g., [8]),
DeaC = ∂eaC +
1
2
[ωea , C], (27)
where ∂ea is the Pfaff derivative of form fields, i.e., taking into account Eq.(6),
∂eaC = ea(s) + ea(vi)ε
i +
1
2!
ea(bij)ε
iεj +
1
3!
ea(tijk)ε
iεjεk + ea(p)ε
5. (28)
We need also to recall that the relation of the
∧2
T ∗M connection 1-forms
in two different gauges Ξ and Ξ′ related by S ∈ sec Spine1,3(M) →֒ Cℓ(M, η)is
given by [8]
Ξ′
ω X = S
Ξ′
ω XS
−1 + (DXS)S
−1, (29)
where X ∈ secTM.
3 Spherical Symmetric Solutions of the DHE
It is supposed that when the potential A has spherical symmetry, as it is the
case, e.g., in a hydrogen atom, that it is mathematically more simple to solve
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the Dirac equation or the DHE in the Cartesian gauge than in the spherical
gauge. As will be shown below the mathematical difficult involved in solving the
DHE in any one of these gauges is exactly the same one. To proceed, we define
precisely some terms. Let {xµ} be global coordinate functions forM in Einstein-
Lorentz coordinate gauge, i.e., e0 = ∂/∂x
0 ∈ secTM is an inertial reference
frame and {xµ} is a naturally adapted coordinate system to e0 (nacs|eo), the
coordinate functions xi, i = 1, 2, 3 being the Cartesian coordinate functions of
the 3-dimensional rest space of e0. Let {x
′0 = x0, x′i} be spherical coordinate
functions naturally adapted to e0, i.e., (x
′1, x′2, x′3) = (r, θ, ϕ) are the usual
spherical coordinate functions of the 3-dimensional rest space of e0 relative to
a given space point [12, 13].
We have now, the following two sections5 of {eµ}, {e¯µ} ∈ sec PSOe
1,3
(M):
eµ = ∂/∂x
µ,
e′0 = ∂/∂x
0, e′1 =
∂
∂r
, e′2 =
1
r
∂
∂θ
, e′3 =
1
r sin θ
∂
∂ϕ
. (30)
The corresponding dual frames are the sections {γµ} and {γ′µ} of PSOe
1,3
(M),
with
γµ = dxµ,
γ′0 = dx0, γ′1 = dr, γ′2 = rdθ, γ′3 = r sin θdϕ. (31)
Let Ξ,Ξ′ be two sections of PSpine
1,3
(M) such that
s(Ξ) = {γµ}, s(Ξ′) = {γ′µ}. (32)
The spin coframes Ξ,Ξ′ are called respectively Cartesian and the spherical
gauges. Recall that ωeµ = 0, but some of the ωe′µ are non null (see below).
We introduce yet another Cartesian gauge Ξo and another spherical gauge Ξs
(which are convenient for doing calculations) by
s(Ξo) = {Γ
µ},
Γµ = UγµU−1, U = eγ
23 pi
4 , (33)
and
s(Ξs) = {ϑ
µ},
ϑµ = ΩΓµΩ−1, (34)
where Ω ∈ sec Spine1,3(M) →֒ sec Cℓ(M, η) is given by
Ω = exp(γ12
ϕ
2
) exp(γ31
θ
2
). (35)
5Note that {eµ} is a section of F (M) which also belongs to PSOe
1,3
(M).
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The dual basis of {Γµ} ∈ secPSOe
1,3
(M) is {eµ} ∈ secPSOe
1,3
(M) with
e0 = ∂/∂x
0, e1 =
1
r
∂
∂θ
, e2 = −
∂
∂r
, e3 =
1
r sin θ
∂
∂ϕ
. (36)
To simplify the writing of formulas we denote in what follows the represen-
tatives of a DHSF satisfying the DHE in the gauges Ξ,Ξ0 and Ξs by
ψΞ := ψc, ψΞo := ψo = ψcU
−1,
ψΞs := ψs = ψoΩ
−1. (37)
It is important for what follows to take into account that ψc, ψo and ψs are
even sections of the Clifford bundle. Then, each Clifford field can be expressed
in any arbitrary coordinate chart ofM , and as usual (sloppy notation) we denote
a given coordinate expression of a Clifford field by the same symbol.
3.0.1 Spherical Gauge
We now investigate the solution of the DHE for A = V (r)ϑ0 = V (r)γ0 in the
spherical gauge Ξs. In this case, the DHE is
ϑµ
(
∂eµψs +
1
2
s
ωeµ
)
ψsϑ
13 +mψsϑ
0 − qAψs = 0, (38)
where
s
ωeµ ∈ sec
∧2
T ∗M →֒ sec Cℓ(M, η) is given by [8]
s
ωeµ = 2(∂eµΩ)Ω
−1, (39)
where Ω is given by Eq.(35).
At first (and eventually, second) sight Eq.(38) is more difficult to solve than
the corresponding equation in the Cartesian gauge (Eq.(56) below) because the
ϑµ are variable covector fields and some of the
s
ωeµ 6= 0. However, let us analyze
the term ϑµ(∂eµΩ)Ω
−1ψs. We have
ϑµ(∂eµΩ)Ω
−1ψs = ΩΓ
µΩ−1(∂eµΩ)Ω
−1ψs
= −ΩΓµ(∂eµΩ
−1)Ωψs. (40)
Now, since
Γ0(∂e0Ω
−1)Ωψs = 0,
Γ1(∂e1Ω
−1)Ωψs =
γ1
2r
cot θψs −
γ3
2r
ψs,
Γ2(∂e2Ω
−1)Ωψs = 0,
Γ3(∂e3Ω
−1)Ωψs = −
γ1
2r
cot θψs +
γ3
2r
ψs, (41)
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the term
Γµ(∂eµΩ
−1)Ωψs = 0, (42)
and Eq.(38) becomes
ϑµ∂eµψsϑ
13 +mψsϑ
0 − qAψs = 0. (43)
Writing
ψs = ψs1(r, θ)e
(nϕ−Et)ϑ13 , (44)
where n ∈ Z we can separate Eq.(43), once T we recall that the Pfaff derivatives
∂ ∂
∂r
and ∂ ∂
∂θ
, (which in the following we write simply as ∂∂r and
∂
∂θ ) act only
on the components of the Clifford fields (see Eq.(28)) We get a trivial equation
in the ϕ variable and the following equation for ψs1,
(ϑ30∂ ∂
∂r
+ ϑ10∂ ∂
∂θ
)ψs1ϑ13 +
nϑ20
r sin θ
ψs1 + (E − V )ψs1 = −mϑ
0ψs1ϑ
0, (45)
where n ∈ Z.
Next we write
ψs1(r, θ) = ϑ
12
ג(r)ϑ13ζ(θ) + ג(r)ζ˜(θ), (46)
and get
sin θ
(
dζ(θ)
dθ
+ γ13κζ(θ)
)
− λζ˜(θ) = 0 (47)
for the angular component, where κ ∈ R is the separation constant. Eq.(46) has
the general solution [5]
ςpλ(θ) = b sin
|λ| θ exp(ϑ13θ/2[2ϑ13 |λ| sin θC
|λ|+1
p−1 (cos θ) + (p+ 2 |λ|)C
|λ|
p (cos θ)
(48)
where Cap are the Gegenbauer polynomials defined by
(p+1)Cap+1(z)−2(p+a)zc
a
p(z)+(p+2a−1)C
a
p−1(z) = 0, C
a
−1(z) = 0, C
a
0 (z) = 1,
(49)
where p ∈ N, a ∈ R+ and
b =
2|λ|Γ(|λ|)
4π
√
p!
Γ(p+ 2|λ|+ 1)
. (50)
The radial equation is
−ϑ3
d ג(r)
dr
ϑ13 +
(
ϑ1
κ
r
+ ϑ0(E − V )
)
ג(r) +mג(r)ϑ0 = 0 (51)
that can be decomposed writing
ג(r) = ג0(r) − ϑ
23
ג(r), (52)
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as
d ג1(r)
dr
+
κ
r
ג1(r) + (V −m− E) ג0(r) = 0, (53)
d ג0(r)
dr
−
κ
r
ג0(r) + (E −m− V ) ג1(r) = 0. (54)
These are the well known radial equations for the Dirac equation solution con-
cerning the hydrogen atom [14], whose solutions are well known.
3.1 Cartesian Gauge
We now investigate how to solve the DHE for A = V (r)γ0 in a Cartesian gauge.
First, the DHE in the gauges Ξ and Ξ0 are respectively
γµ∂eµψcγ
21 +mψcγ
0 − qAψc = 0, (55)
Γµ∂eµψoγ
13 +mψoγ
0 − qAψo = 0. (56)
Taking into account the (obvious) operator identity
Γµ∂eµ = ϑ
µ∂eµ (57)
we can write Eq.(56) as
ϑµ∂eµψoγ
13 +mψoγ
0 − qAψo = 0, (58)
or
ΩΓµΩ−1∂eµψoγ
13 +mψoγ
0 − qAψo = 0 (59)
which, after introducing
ψ = Ω−1ψo, A
′ = Ω−1AΩ (60)
becomes,
Γµ∂eµψγ
13 − Γµ(∂eµΩ
−1)Ωψ +mψγ0 − qA′ψ = 0. (61)
which taking into account that according to Eq.(42) Γµ(∂eµΩ
−1)Ωψ = 0 can be
easily be solved by separation of variables by writing
ψ = ψ1(r, θ)e
(nϕ−Et)γ13 . (62)
We have a trivial differential equation in the ϕ variable and the following equa-
tion for ψ1,
(γ30
∂
∂r
+ γ10
∂
∂θ
)ψ1γ13 +
nγ20
r sin θ
ψ1 + (E − V )ψ1 = −mγ
0ψ1γ
0. (63)
which can be solved in exactly the same way that Eq.(45) has been solved once
we take into account that the {γµ} and the {ϑµ} satisfy the same algebraic
relations. We obviously get the same spectrum, as it may be.
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Remark 2 An equation like Eq.(63) has been used by Kru¨ger [5] and also
Daviau [3]. However those authors arrive at that equation using what to us
seems to be a completely ad hoc argument (also used by Hestenes and Lasenby,
Doran and Gull [6] ) which involves: (i) a confusion between active local Lorentz
transformations and transformations relating the different expressions of the
representatives of a DHSF in different gauges and (ii) a supposedly change of
the Dirac operator under an active change of a Lorentz gauge transformation
generate by Ω. Both assumptions are nonsequitur and produce misunderstand-
ings. The concept of active Lorentz gauge transformations of a DHSF and the
DHE have been discussed in a thoughtful way in [10, 11]. Fortunately, Eq.(63)
is a fidedigne one, for otherwise the interesting results found by Kru¨ger and
Daviau should be considered wrong.
4 Conclusions
In this paper we showed how to solve (in Minkowski spacetime) the DHE by
separation of variables for the case of a potential having spherical symmetry in
two different ways, i.e., using the Cartesian and spherical gauges. We show that
contrary to what is expected at a first sight, the solution of the DHE in any one
of those gauges presents exactly the same mathematical difficulty.
We also clarified some misunderstandings appearing in the literature related
to the meaning and nature of DHSF, the DHE and its different expressions in
different (spin coframe) gauges and way the use of different coordinate charts
does not implies change of gauge. We conjecture that ”tricks” analogous to
the ones used in this paper can be used to solve with the same mathematical
difficulties the DHE with potentials exhibiting some others symmetries, both
in the Cartesian gauge and also in the gauge exhibiting the symmetry of the
potential. We will discuss this issue in another paper.
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